An upper limit on the abundance of small trans-Neptunian objects from X-ray occultations by Jones, Tucker Anthony
An Upper Limit on the Abundance of Small
Trans-Neptunian Objects from X-Ray Occultations
by
Tucker Anthony Jones
Submitted to the Department of Physics
in partial fulfillment of the requirements for the degree of
Bachelor of Science in Physics
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
June 2007
@ Tucker Anthony Jones, MMVII. All rights reserved.
The author hereby grants to MIT permission to reproduce and
distribute publicly paper and electronic copies of this thesis document
in whole or in part.
A uthor ....................... -.. . . . ..-,-...................... .....
Department of Physics
May 12, 2007
Certified by................ ...........................
Saul Rappaport
Professor of Physics
Thesis Supervisor
C ertified by ....................... ................
Al Levine
Principle Research Scientist, Kavli Institute for Astrophysics
r , Thesis Supervisor
Accepted by ................. .............. .............
Professor David E. Pritchard
MASSACHUSETTS INs r Ui
OF TECHNOLOGY
AUG 0
LIBRARIES
Senior Thesis Coordinator, Department of Physics
ARCHIM

An Upper Limit on the Abundance of Small
Trans-Neptunian Objects from X-Ray Occultations
by
Tucker Anthony Jones
Submitted to the Department of Physics
on May 12, 2007, in partial fulfillment of the
requirements for the degree of
Bachelor of Science in Physics
Abstract
I describe the detection of 201 highly significant dips in the count rate of Sco X-1
from a search of some 500 ks of archival RXTE PCA data, which could be caused
by TNO occultations. I show that most of these dips are correlated with particle
showers in the PCA, suggesting that the dips in count rate result from large amounts
of charge built up in the detectors. From the distribution of particle counts in the
PCA and examination of asymmetry in individual dip profiles, I establish that at
most - 6 of these dip events can be caused by occultations. This gives an upper limit
on the cumulative TNO size distribution for > 20 m radius. I also derive a model
lightcurve for occultations of Sco X-1 from diffraction theory, and use this model to
predict properties of an ensemble of occultation events. Implications for future work
are discussed.
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Chapter 1
Introduction
In this thesis I describe the results of recent searches for TNO occultations in archival
data of Sco X-1. Chapter 1 contains relevant background information on TNOs, Sco
X-1, and occultation observations. Chapter 2 describes the properties of statistically
significant dips observed in the count rate of Sco X-1, showing that most dips are
caused by particle showers and not occultations. In Chapter 3 I derive a lightcurve
model for occultations of Sco X-1 from diffraction theory. Chapter 4 describes the
expected properties of an ensemble of occultations using the diffraction model devel-
oped in Chapter 3. Chapter 5 summarizes the results developed in previous chapters,
from which I derive an upper limit on the number of detected dips caused by TNO
occultations and discuss implications for future work.
1.1 Trans-Neptunian Objects
Trans-Neptunian objects (TNOs) are solar system bodies in heliocentric orbit near
or beyond Neptune. Their existence was postulated more than 50 years ago [18] [9],
but due to their small size and large distance the objects are very faint and therefore
difficult to detect. The first TNO, 1992 QB 1, was discovered in August 1992 [14].
Since then more than 1000 TNOs have been discovered. Increasingly sensitive searches
have revealed increasingly faint objects, with ground-based surveys reaching as deep
as 26th magnitude corresponding to an object diameter of - 50 km [12]. A search
using the Advanced Camera for Surveys aboard the Hubble Space Telescope found
three TNOs of diameter - 30 km, the smallest directly detected TNOs [3]. Smaller
objects are known to exist because they leave observable craters when they collide with
larger bodies such as Triton [29]; the craters of Pluto will be imaged with resolution
of better than 100 m by the New Horizons spacecraft in 2015 [32]. However, TNOs
smaller than 30 km are not yet directly detectable.
The Minor Planet Center maintains a list of TNOs with known orbital parameters
(available at http://www.cfa.harvard.edu/iau/lists/TNOs.html), from which we can
get an idea of the spatial distribution of TNOs. By definition, TNOs are located more
than 29 AU (the orbital radius of Neptune) from the Sun. Most known objects are in
the Kuiper belt at orbital radii between - 38 and 47 AU, corresponding to the 2:3 and
1:2 orbital resonances with Neptune. The abundance of TNOs decreases significantly
beyond the so-called "Kuiper Cliff" at 50 AU, although objects have been found at
much greater distances [22]. The distribution of TNOs in the sky is centered around
the plane of the ecliptic but with a large spread of inclination. Orbital inclinations
of known TNOs are typically - 100, although a few objects have inclinations of 300
or higher.
Large TNOs (s > 100 kmi) are observed to follow a differential size distribution
dN s-q with power-law index q = 4 .+06 [30]. However, this size distribution musts q - [0]. oevr
turn over to a shallower slope at some finite size, or else the trans-Neptunian disk
would be brighter than we observe [17]. Planetary formation models predict that the
size distribution will turn over to a smaller power-law index due to erosion of small
objects in collisions. This transition occurs around some object "break radius" which
depends on properties of the early solar system such as the total mass of the proto-
planetary disk and the formation time of Neptune and other large objects [16]. Since
some small objects are scattered into elliptical orbits by more massive bodies, when
they cross paths they will be moving at substantial relative velocities (~- 1 km/s). A
collision at these velocities between small objects, which have little self-gravity, will
cause them to break into smaller pieces rather than coagulate into larger objects.
Measurements of the population of small TNOs can therefore give information on the
formation and dynamics of the solar system as well as the total mass contained in
the trans-Neptunian belt.
1.2 Studying TNOs by Occultation
The method of stellar occultation, where light from a star is obscured by an inter-
vening object, has been widely used to study the outer solar system. Observations of
stellar occultations have led to the discovery of rings around Uranus [10], detection
and measurements of Pluto's atmosphere [11] [33], and a precise measurement of the
diameter of Charon [25], as well as many other important results. Objects which are
too faint to be directly observed (such as rings, atmospheres, and small bodies) can
be detected during occultations by measuring the decrease in flux from the occulted
objects. In particular, occultations are one of the only available methods for studying
small bodies in the outer solar system [2].
Various groups have proposed to study small TNOs by serendipitous stellar occul-
tation, where several stars are monitored with rapid photometry. Eventually a TNO
will occult one of the stars and its shadow can possibly be detected. Roques et al.
(2006) [26] recently reported possible detections of three small (< 300 m) objects us-
ing this method, and the Taiwanese-American Occultation Survey (TAOS) has been
monitoring some thousand stars since 2005 with the intent to detect TNOs as small
as - 3 km in diameter [1]. The minimum observable object size is determined by
a combination of the sensitivity of the instrument, the angular size of the occulted
source, and the diffraction pattern of the occulting object. The angular size of typ-
ically observed stars is less than 10- arcseconds, which corresponds to a diameter
of about 3 km at a typical TNO distance of 40 AU. For visible light of wavelength
A - 500 nm and a distance D - 40 AU, the Fresnel scale at which diffraction effects
become significant is at an object size s = N .. 1 km. Sub-kilometer TNOs there-
fore will not completely obscure the visible light from a star because of diffraction
and the angular size of the stellar disk, making them difficult to detect even during
stellar occultations.
1.2.1 X-Ray Occultations
The size at which objects become difficult to detect during occultations due to diffrac-
tion effects is roughly given by the Fresnel scale, s = A. As noted above, this size
is about a kilometer for TNOs at D -, 40 AU observed in visible wavelengths. While
this is significantly smaller than the smallest known TNOs to date, the population of
kilometer-size TNOs predicted by extrapolating the size distribution of larger objects
is still very small - note that TAOS has failed to detect any such TNOs in over a
year of operation. Smaller objects can be detected if they are either closer to Earth
or observed at shorter wavelengths. While TNOs are by definition some 40 AU from
Earth, the Fresnel scale can be considerably decreased by searching for occultations
in X-ray sources.
The Fresnel scale at 40 AU for a typical X-ray wavelength of 1 nm (E ,- 1
keV) is - 50 meters, about three orders of magnitude smaller than any directly
observed TNOs. Objects of diameter larger than 50 meters can therefore in principle
be detected when they occult X-ray sources. However, to observe such an occultation
requires very rapid photometry and good counting statistics. Given that the Earth
orbits the Sun with a velocity of about 30 km/s, and a TNO in circular orbit at
40 AU has a velocity of 5 km/s, the relative velocity is typically vrz - 25 km/s,
so the diffraction-widened shadow of a 50 m object will pass in slightly more than
2 milliseconds. Therefore, occultations of X-ray sources by TNOs as small as - 50
meters in diameter can be observed if photometry can be done with sufficiently good
counting statistics at sub-millisecond resolution.
1.2.2 Sco X-1
X-ray occultations of -, 50 m diameter TNOs can only be observed in sources with an
observed count rate of at least tens of X-rays per millisecond. In addition, the source
must have a very small angular diameter (no larger than - 10-6 arcseconds, giving
s - 50 meters at a distance of 40 AU) and lie near the plane of the ecliptic, where
TNOs are found. Scorpius X-1 (hereafter Sco X-1), when observed by the RXTE
PCA, is the only source with these properties. Sco X-1 is a low-mass X-ray binary
(LMXB) system consisting of a 1.4 Me neutron star with a 0.4 Me companion [28]. It
is located approximately 6 degrees from the plane of the ecliptic, and it is the brightest
X-ray source in the sky other than the Sun and occasional transient objects. It is
almost 20 times brighter than the second brightest cosmic X-ray source, GX 5-1. It
has a count rate of some 70 X-rays per millisecond when observed by the PCA. The
X-ray emission region is not well-known, but most X-rays are presumed to originate
from a region on the order of the size of the surface of a neutron star or the inner edge
of the accretion disk, approximately 10' m in diameter. Since parallax measurements
show that the distance to Sco X-1 is about 2.8 + 0.3 kpc [4], its angular size in X-rays
should be 10-10 to 10-11 arcseconds - equivalent to an object of diameter - 1 mm at
a distance of 40 AU. These properties make Sco X-1 an excellent source for observing
occultations by small TNOs.
Sco X-1 is a highly variable source, with variation on small time scales due to
quasi-periodic oscillations (QPOs) in addition to colored noise components below
0.25 Hz (very low frequency noise) and above 30 Hz (high frequency noise) [24]. The
QPOs are not steady but are observed for a few hundred seconds at a time at varying
frequencies. The strongest QPO is at a frequency of - 6 Hz, with other strong peaks
occurring at around 45 Hz and 90 Hz. There are also two kHz-frequency QPOs which
may be related to the rotation of the neutron star [31].

Chapter 2
Millisecond Dips in the Intensity of
Sco X-1
In a search of 322 ks of archival PCA data, Chang et al. (2006) [5] discovered 58 short
dips in the count rate of Sco X-1 which were inconsistent with random fluctuations
in the count rate of the source, and attributed these events to occultations by small
TNOs. The depth and duration of the dips are indeed consistent with occultations by
- 50 meter objects in the trans-Neptunian region, although Jones et al. (2006) [15]
noted that a noticeable asymmetry and lack of the first diffraction maxima draw
suspicion to this interpretation. In addition, Jones et al. (2006) discovered that the
dips are coincident with charged particle detections in the PCA, suggesting that the
dips are likely caused by highly energetic charged particles. In this chapter I follow
and expand on Jones et al. (2006), describing in detail the properties of these dip
events.
2.1 The RXTE PCA
The Proportional Counter Array (PCA) on board the Rossi X-ray Timing Explorer
satellite (RXTE) detects X-rays of energy 2-60 keV with microsecond timing precision.
The PCA consists of five Proportional Counter Units (PCUs) with a total effective
area of 0.65 m2 [131. Each PCU consists of a collimator followed by a propane layer
and a xenon chamber, with a xenon veto layer surrounding the main xenon chamber.
The collimator selects a 1 I' FWHM field of sky. The propane layer shields the xenon
chamber from soft electrons and other particles, while most X-rays do not interact
with the propane. The xenon veto layer also acts as a shield, as most veto layer events
are caused by particles and are therefore excluded. The main xenon chamber contains
six measurement chains which detect electrons released in X-ray interactions.
Several types of events are recorded by each PCU. Good xenon events, which
trigger one of the six measurement chains in the main xenon chamber, are typically
due to X-rays. Coincidence events, which trigger multiple xenon measurement chains
within a "coincidence window" (- 10 as), are frequently caused by charged particles
and are usually excluded. However, in sources as bright as Sco X-1, two X-rays fre-
quently arrive within 10 ts. In such cases these 2LLD events are sometimes included
with the good xenon counts. Propane layer events are usually soft electrons or other
low-energy particles and are excluded, although in bright sources the propane layer
will detect a significant number of X-rays. Veto layer events are usually caused by
particles and are excluded. A VLE (very large event) flag is set for high energy events
of - 100 keV or greater. The residual charge from these events causes ringing in the
measurement chains which may cause false detections. A PCU is therefore shut down
for a set amount of time after a VLE, chosen to be 50 /s for nearly all relevant Sco X-1
observations. In addition, if a large amount of charge is deposited on a measurement
chain it will not resume operation until the charge decreases to a reasonable level.
This is to avoid false detections that could be caused by ringing in the measurement
chain.
The PCU Standard Mode 1 records good xenon, propane, VLE, and "other" de-
tections such as coincidence events at 125 ms resolution. The good xenon counts
are also recorded at sub-millisecond resolution (typically 0.25 ms) for the relevant
observations of Sco X-1, although data on other types of events is not available at
millisecond resolution. While 125 ms resolution is insufficient to determine proper-
ties of individual dips, with a large number of events we can determine ensemble
properties.
2.2 Dip Properties
Dr. Ed Morgan of MIT found 201 dips of the type described by Chang et al. in an
automated search of some 500 ks of PCA data. 196 of these dips have 2LLD counts
available at sub-millisecond resolution. The dips in question are of -- 2 millisecond
duration with a - 60% decrease in X-ray flux, deep enough that they cannot be
caused by the malfunction of a single PCU. Since the dips are more significant at
higher count rates (and therefore higher signal to noise), most dips are found when
at least four PCUs were operating.
Given the large amount of data, one would expect to see a few highly significant
dips (as well as peaks) from statistical fluctuations. The observed X-ray flux during
observations in which dips are detected is typically 70,000 counts/second. This gives
about 150 counts expected in a typical dip duration of 2 milliseconds. A 60% decrease
in flux would result in a measurement of 60 counts instead of 150, roughly 7a below
the mean according to Poisson statistics. We must be careful in applying Poisson
statistics due to the intrinsic variability of Sco X-1 (in particular the QPOs), but
this approach will give us a rough idea of the significance of the observed dips. With
data recorded at 0.25 ms resolution, the number of possible 2 ms bins in the entire
collection of data is N , 500ks 2 x 109. The probability of having less than k
counts in any 2 ms bin can be estimated by the cumulative Poisson distribution,
k e_ -Apf , 10 - 17 (2 1
P(f < k, )) = - 5 x f0! (2.1)
f=0
for k = 60 and mean /t = 150. We therefore expect about 10- 7 such dips to be caused
by random fluctuations in the sample of 500 ks of data, assuming Poisson statistics.
While Poisson statistics cannot give an exact prediction due to source variability, this
analysis clearly shows that the detection of 201 dips is statistically highly significant.
In fact, Equation 2.1 shows that we would expect about one dip of fewer than 80
counts in this sample. I will now analyze the properties of these dips in order to gain
further insight into their origin.
2.2.1 Lightcurve
The most striking feature of any of these events is, of course, the lightcurve of counts
versus time which shows the dip itself. Figure 2-1 shows the lightcurves of the eight
most statistically significant (i.e. least probable according to Poisson statistics) de-
tected events that were not reported by Chang et al. (2006). It is somewhat suspicious
so
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Figure 2-1: Lightcurves of eight highly significant events. The y-axis shows the
number of counts per bin, with 0.5 ms time bins.
that none of these events have a count rate of zero during the dip, for with enough
occultation events one would expect some to be caused by objects which are large
enough to completely obscure the source despite diffraction effects. Also note that
several of these events are distinctly asymmetric with a sharper leading edge (ingress)
than trailing edge (egress), and are noticeably deeper at the beginning than the end.
This can be seen clearly in a superposition of these eight events, shown in Figure 2-
2. The superposition is accomplished by centering each dip to the nearest time bin
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Figure 2-2: Superposition of the eight most statistically significant events. Each event
is centered at time = 0 to within the nearest bin, and the counts from each event are
then added together to produce an average lightcurve.
and adding the counts from each event. This method gives a reasonable average dip
lightcurve because the eight events have nearly the same duration of about 2 ms. The
three bins at the bottom of the dip in Figure 2-2 have 88, 112, and 121 counts, giving
a -• 3a discrepancy between the number of counts at the beginning and end of the dip.
While the statistical significance is neither very high nor well quantified, it appears
that the average dip profile is not symmetric as one would expect for occultations.
It is convenient to systematically quantify the depth and duration of these events
in order to compare them with each other and with models. We can do this by fitting
Gaussian functions to each dip and using the height and width of the Gaussian to
describe the depth and duration of the event. A Gaussian is used because it is sym-
metric, simple (i.e., easy to fit), and has a well-defined height and width. While a
best-fit occultation profile could reveal interesting information regarding the occulta-
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tion interpretation, such profiles have many parameters (with some degeneracy) and
are difficult to fit to without some assumptions. The Gaussian function used to fit
each dip is of the form
f(t) = A + Be- (t-to )2 / 2 0 2 (2.2)
such that A is the average count rate, to is the time of the dip, and a and B describe
the width and depth of the dip, respectively. Note that B < 0 for dips. Hereafter I
will describe a as the "width parameter" of the dip, and define a "depth parameter"
d = 1+ ;. The depth parameter describes the count rate during the dip as a fraction
of the count rate from Sco X-1, such that the value of the Gaussian fit at the center
of the dip is d times the count rate far from the dip. For example, Figure 2-3 shows a
dip with a best fit Gaussian giving d = 0.09 and w = 0.57 ms. Since these parameters
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Figure 2-3: Lightcurve of a dip with best-fit Gaussian function (dashed line).
are computed from a best-fit Gaussian, they should not be compared directly to the
dip - the "duration" of a dip (i.e. time from ingress to egress) is typically about 3
times the width parameter, and the count rate of the dip is usually slightly higher
than d times the flux of Sco X-1. Note that dips with zero counts may have d < 0
even though it does not make sense for a dip to have negative count rate.
Now that we have well-defined width and depth parameters, we can examine the
properties of an ensemble of dip events. The width and depth distribution of the
200 detected events is shown in Figure 2-4. Notice that a few dips appear very deep
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Figure 2-4: Distribution of width and depth parameters for detected dip events.
(depth < 0) and short (width < 0.3 ms) - these arise from events where a single time
bin is highly significant such that the best-fit Gaussian is centered on that bin, so
these outlying points do not actually represent the ensemble. The key features of this
plot are the relatively narrow range of dip widths and absence of long dips. Except
for a few short dips, nearly all of the events have width parameters between 0.4 and
0.8 ms, and there are no dips with width greater than - 1 ms. If the 201 events were
caused by TNO occultations we would expect some to be caused by larger objects,
I ......... I......... I...................Ii
resulting in relatively long and deep dips. The absence of any such long and deep
events draws suspicion to the hypothesis that these dips are caused by occultations.
We can coadd events of nearly the same width by simply centering all events and
adding the counts to get an average lightcurve. Figure 2-5 shows the superposition of
all 109 events with width parameters between 0.55 and 0.75 ms. The beginning of the
4000
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Figure 2-5: Superposition of all 109 events with width parameters between 0.55 and
0.75 ms, with 0.25 ms time bins.
dip is clearly deeper than the end of the dip at a statistically significant level in the
average lightcurve. Furthermore, there are no apparent diffraction maxima, which
should be preserved in the superposition of diffraction patterns of the same width.
2.2.2 VLE Events
The VLE count rate is available only at 125 ms resolution. This is not good enough
to correlate VLE rates with individual 2 ms dips in the X-ray count rate, but we
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can superpose the VLE counts of multiple events to check if there is a significant
correlation between the dip events and VLEs. Figure 2-6 shows the average VLE rate
of all 201 dips. The bin in which the events occur shows a significant increase of - 7a
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Figure 2-6: Average VLE rate of 201 dip events. The time = 0 bin, where the dip
events occur, has a peak of 7 standard deviations above the mean value.
above the mean VLE rate. There is no reason for such an increase to occur during
occultation events. Furthermore, the increase is equal to 3.9 + 0.6 VLEs per event,
or roughly one VLE per PCU per event. This strongly suggests that the dips in X-
ray flux are caused by highly energetic particle events in the detectors. This in turn
suggests that a sufficient amount of charge deposited in the PCU measurement chains
may interfere with the detectors' ability to record X-ray events for approximately 2
milliseconds, and that such interference events occur at the rate of at least 2 1
or 2 per hour. Such events cannot be detected in other X-ray sources since there are
no other sources with sufficient flux on 2 ms timescales, so this hypothesis remains
untested.
2.2.3 Other Events
The count rate of "other" events is also available at 125 ms resolution. The average
"other" count rate can be constructed with the same process used for the average
VLE rate; the result is shown in Figure 2-7. As in the VLE rate, the bin in which
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Figure 2-7: Average "other" event rate of 201 dip events. The time = 0 bin, where
the dip events occur, has a peak of 39 standard deviations above the mean value.
the dip events occur has a striking peak of - 39 standard deviations above the mean
value. If anything, one would expect the "other" count rate to decrease slightly
during an occultation event due to the decrease in X-rays which can cause "other"
event detections. The peak in "other" events indicates without a doubt that many of
these events are accompanied by particle showers and thus are probably not caused by
occultations. Most individual events have peaks between 0 and 3 standard deviations
above the mean "other" event rate (see Figure 2-8), which is not significant enough
to determine whether an individual dip event is associated with a particle shower.
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However, we would expect nearly all of the ~- 150 excess events to occur on the same
millisecond timescale of the X-ray dips. Since the average count rate is some 50
"other" events per 2 ms, a - 20a peak in "other" events is expected in 2 ms time
bins. Therefore if millisecond resolution were achieved for the "other" event rate, one
could easily determine whether a given 2 ms dip in X-ray flux is accompanied by a
highly significant increase in the "other" event rate.
Since most individual dip events do not have highly significant "other" event
counts, one cannot rule out the TNO occultation hypothesis based on these results
alone. However, as Chang et al. (2007) [6] point out, we can select possible occultation
events by assuming that such events should have a distribution of "other" event counts
centered about the mean value. About half of the total occultation events should have
"other" count rates below the mean value. Only 13 of the 201 dip events have "other"
count rates below the mean value, so a mean-centered distribution could contain at
most -, 26 of the detected dips. Appendix A contains the lightcurves for these 13
events. Examination of the "other" event counts therefore gives an upper limit of 26
detected occultation events in the - 500 ks of PCA data. While it is unclear that
any of the dip events are caused by TNO occultations, no more than - 26 of the dips
could be caused by occultations.
A histogram of deviation from the mean "other" event rate for the 201 detected
dips is plotted in Figure 2-8. The deviation is defined as the number of standard
deviations from the mean value of "other" counts at the time of the event. A deviation
of 4 therefore indicates that the "other" count rate was 4a above the mean for that
event. Note that the 13 events with deviations < 0 appear to be the tail of a single,
smooth distribution and not part of a second, zero-centered distribution. The lack of
any zero-centered distribution component suggests that these events are all associated
with particle showers. While we can establish a formal limit of $ 26 events being
independent of particle showers, the histogram suggests that far fewer, if any, of these
dips are not caused by particle showers.
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Figure 2-8: Histogram of "other" count rate deviation.
Chapter 3
Model Occultation Lightcurves
3.1 Diffraction Patterns in Occultations
Diffraction of a plane wave occurs when the wave is incident on an opaque boundary.
This can be intuitively understood according to the Huygens-Fresnel principle, which
states that each point of a wave front can be treated as the source of a new spher-
ical wave. The interference of each of these secondary point sources reproduces the
observed wave front. When part of the wave front is blocked by some barrier (such
as an occulting object), the resulting intensity profile is simply given by the sum of
all secondary point sources not blocked by the barrier. Applying this principle to a
wave front allows one to calculate the diffracted amplitude at any point in space by
integrating over the contributing point sources. This leads to the Fresnel-Kirchhoff
diffraction formula, which gives a good approximation to the diffracted amplitude
when the wavelength is small compared to the barrier.
For the occultation of a plane wave propagating in the 2 direction, it is convenient
to define the "object plane" as the xy-plane S which passes through the center of the
occulting object. For an observer at a distance much larger than the object size, we
can treat the object as an opaque 2-dimensional barrier 0 lying in S (as in Figure 3-
1). Taking the position of the observer as the origin, with S at a distance d in the
2 direction, the Fresnel-Kirchhoff diffraction formula for wavelength A =• gives the
-k
complex amplitude as [27]
/eik( Xx2+y2 +d2_d )E=N e ik(x 2 y2 +d ) (1 +cos 0) dxdy (3.1)
s-0 VX 2 + y2 + d2
where N is a normalization constant proportional to the amplitude of the wave, and
cos 0 = d . The resulting normalized intensity is given by |E12. If we take
N = then the wave is of unit amplitude (giving E = 1 when there is no barrier),
and Equation 3.1 can be rewritten as
k f eik(/x2+y22_d)
E 1- k 1/x2 +y 2+d 2 ( +cos0) dxdy, (3.2)41ri 0 VX2 + 2+ d2
which is easier to calculate. Note that this formula is only valid if the occulted source
is point-like, i.e., has a much smaller angular size than that of the occulting object.
For an occultation, the observer's distance is much larger than the object size, so
d >x, y in Equation 3.2. We can therefore take Vx 2 + y2 + d2  d + X2+2 in the
exponent and cos 9 r 1. Substituting k = 2, we have
E = 1 - e ( X+2 ) dx dy. (3.3)
This form of the diffraction formula is most suitable for occultations by rectangular
objects. In the next section an equation for spherical bodies is derived.
3.1.1 Spherical Bodies
For occultation by a spherical body, we can simplify Equation 3.3 using polar coordi-
nates. Define the quantities r' as the displacement from the center of the object in the
object plane S, R as the displacement of the observer from the center of the geometric
shadow, and 0 as the polar (x-y) angle between F and R such that F'- R = rRcos
(see Figure 3-1). The rectangular coordinates can be expressed as (x, y) = R - F,
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Figure 3-1: Geometry of an occultation. The occulting object can be represented as a
two-dimensional projection in the object plane, and the resulting diffraction pattern
at observer position R can be constructed by integrating the contributions at position
' in the object plane.
with x' + y2 = R 2 + r2 - 2Rr cos ¢. Substituting this relation into Equation 3.3 gives
E(R) = e(nR 2+r2-2Rr cOs4) rdr d, (3.4)E(R) = 1 - i)---d =
iAd j=0 r--o
where s is the radius of the occulting body. The integral in q can be rewritten as a
Bessel function of the first kind,
fo27 .2,Rr _COS 21rRr
j e- i A cos do = 2r J0 (2lRr A . (3.5)
Combining Equations 3.4 and 3.5 gives the result
2 1r i R2 [ 2rRr • de- r dr2E(R) = 1- iA-dexJ e- r dr, (3.6)
which can be numerically integrated to find the diffracted amplitude as a function
of distance from the geometric shadow. The occultation lightcurve for an observer's
x
L
path R(t) can then be calculated from the amplitude E(R). An analytic solution to
Equation 3.6 can be obtained with the use of Lommel functions [19] [27], but the
calculation is complicated.
3.1.2 Non-Spherical Bodies
While large solar system objects are eroded to approximately spherical shapes by in-
ternal gravitational forces, less massive objects have less self-gravity and can therefore
be more irregularly shaped due to accretion of planetesimals, collisions, or other ef-
fects. Small solar system objects such as asteroids are known to be irregular in shape
from direct imaging, radar mapping, and periodic rotation lightcurves [20] [21] [8].
A study of the shapes of 14 moons and minor bodies has verified that smaller ob-
jects tend to be less spherical in shape [23]. Objects of ~- 50 meters in diameter are
not expected to be spherical, so their occultation lightcurves cannot necessarily be
calculated using Equation 3.6.
Irregularly shaped objects can be modelled by ellipses rather than spheres to give
a more accurate result. Roques et al. (1987) [27] give an algorithm for the diffraction
pattern of an ellipse by adding diffraction patterns from rectangular screens, which
are readily calculated from Equation 3.3. This can be done to arbitrary precision,
and the method can in principle be extended to any shape. However, the irregularity
of 50 meter objects is not known, and could not be inferred from occultations of Sco
X-1 due to poor statistics. Since a 2-millisecond occultation of Sco X-1 is modelled
sufficiently well with spherical bodies, using diffraction patterns of elliptical bodies
would not give a significant advantage in describing the occultation of Sco X-1 by 50
meter objects.
While the shape of an individual body cannot be determined from a single occul-
tation, some discussion of the properties of an ensemble of occultations by irregular
bodies is merited. Occultations by irregular bodies will differ from spherical bodies in
suppression of the Poisson spot (such that the normalized intensity E(R = 0) 5 1),
asymmetry of the lightcurve, and other small effects. However, none of these effects
would be clearly manifest even in an ensemble of occultations. Observation of the
Poisson spot is unlikely for any given occultation, and the spot is suppressed even in
an occultation by a spherical body with non-zero impact parameter. Since, in gen-
eral, solar system objects have no preferred orientation, an ensemble of occultations
by irregular bodies should be symmetric on average. Asymmetry in individual events
would likely be indistinguishable from the expected amounts of Poisson noise. To
first order, the average of many occultation lightcurves should be symmetric (as it is
with spherical bodies) with perhaps a smaller-amplitude Poisson spot than one would
expect for spherical bodies.
3.2 TNO Occultation Lightcurves
The lightcurve for an occultation is the observed intensity as a function of time.
This can be calculated from the diffraction pattern and relative path of the occulting
object. The relative path of the occulting object is a straight line with an impact
parameter b defined as the minimum distance between the observer and the center
of the object's shadow. This is equivalent to considering the occulting object to be
fixed and the observer to be moving along a straight line of impact parameter b with
some velocity Vre,, as in Figure 3-2. The observer's position R = IRI can then be
parameterized as a function of time,
R(t) = +±, b2 + (Vrei t)2 . (3.7)
From Equation 3.6 we then have E(t) = E(R(t)), the diffracted amplitude as a
function of time. This can be compared with observed lightcurves of Sco X-1 to
approximate the parameters of an occultation.
3.2.1 Occultation Parameters
The lightcurve of an occultation by a spherical body is completely described by Equa-
tions 3.6 and 3.7. Since A can be measured, there are four parameters which determine
the lightcurve: object size s, distance d, impact parameter b, and relative velocity
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Figure 3-2: Geometry of an occultation lightcurve. The occulting object can be
considered to be stationary with respect to the source, in which case the observer
travels along a straight line of impact parameter b at a constant relative velocity v.
vrel. We can actually reduce this to three degrees of freedom, eliminating vrel, by
assuming that the occulting object is in a nearly circular orbit. This is a reasonable
assumption for TNO occultations since the majority of known TNOs are in low ec-
centricity (< 0.1) orbits. The three significant contributors to vre are the motions
of Earth, the RXTE satellite, and the occulting object. For a solar phase angle q
between Earth, the Sun, and the occulting object, and assuming that d > 1AU such
that the velocity of the object is nearly perpendicular to the line of sight from Earth,
we have
1
Vrel VE COS() +- VRXTE - VERAU (3.8)
where RAU d is the orbital radius of the occulting object, VE 30 km/s is the
orbital velocity of Earth, and VRXTE • 7 km/s is the relative velocity of the RXTE
satellite. The parameter vrelt can therefore be reduced to a function of d and measured
values, leaving only three unknown parameters in the occultation lightcurve.
For occultations by TNOs, we can also constrain the value of d by noting that
~t _ __ ____
nearly all TNOs are found between 38 and 50 AU, with a mean orbital radius of
about 42 AU. Assuming a value of d = 42 AU therefore introduces an error of only
S10% in distance while reducing the occultation lightcurve to a function of only two
unknown parameters. Note that the effect of d on the relative velocity in Equation 3.8
1 1
is VERAI .EdAn, which varies by less than 1 km/s from d = 38 AU to d = 50 AU.
Since Vre 30 km/s typically, using d = 42 AU does not introduce a significant error
in the relative velocity.
3.2.2 Occultations of Sco X-1
Occultation lightcurves of Sco X-1 by spherical TNOs can be generated using the
model developed in this chapter with the known spectrum of Sco X-1. It is convenient
to use the spectrum observed by the RXTE satellite rather than the actual spectrum of
Sco X-1, as lightcurves produced by the observed spectrum can be directly compared
to occultations of Sco X-1 observed by RXTE. Data on the spectrum of Sco X-1
has been recorded in the form of counts per pulse height bin in the PCA detectors.
The pulse height is converted into an energy, which is correct on average but has
some small uncertainty in the energy of each pulse, giving 129 bins ranging from
1 to - 120 keV. The observed binned count rate as a function of photon energy
(calculated from pulse height) is shown in Figure 3-3. The energy of each bin can
be easily converted into a photon wavelength A = , which is more intuitive for
understanding diffraction effects. The diffraction pattern of an occultation by a TNO
with known radius, impact parameter, and relative velocity is then given by the sum
of the diffraction patterns E(R, A) for each energy bin multiplied by the count rate
Sin each bin,
E(R(t)) = E(R(t), A)4(A). (3.9)
While diffraction of monochromatic radiation results in a pattern with many min-
ima and maxima, summing the patterns from a range of wavelengths will "wash out"
features far from the source. For Sco X-1, Figure 3-3 shows that the diffraction pat-
tern is created by a limited range of photon energies with a peak at around 4 keV,
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Figure 3-3: The spectrum of Sco X-1 as observed by the PCA aboard RXTE. The
observed spectrum is equal to the actual source spectrum multiplied by the detector
efficiency. The PCA detectors are not sensitive to photons of energy below - 2 keV,
and Sco X-1 emits few photons above - 20 keV. The count rate shown in this plot has
been normalized such that the total observed count rate integrated over all energies
is of unit amplitude.
and 80% of the count rate contained between 2 and 8 keV (between 1.5 and 5.5
Angstroms). The effect of such a spectrum can be understood graphically. Figure 3-4
shows diffraction patterns of a small spherical TNO for three different photon energies,
all of which are significant in the spectrum of Sco X-1. When each of the contribut-
ing diffraction patterns is summed (Equation 3.9), the resulting observed diffraction
pattern is shown in Figure 3-5. Note that while most extrema of the monochromatic
diffraction patterns are smoothed out, the first diffraction maxima survive with an
amplitude of - 10% greater than the intensity of the source.
While the diffraction pattern as a function of R is generated with only the size
and distance to the object, the impact parameter and relative velocity are required in
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Figure 3-4: Diffraction pattern produced by photons of typical energy 2 keV (top), 4
keV (middle), and 8 keV (bottom) incident on the same object. The object is a sphere
of radius 20 meters at a typical TNO distance of 40 AU. Note that the diffraction
patterns are considerably different for photons of different energy. The intensity is
normalized for each wavelength such that I(R --+ o) = 1.
order to determine the relative flux as a function of time. This is accomplished with
the simple relation of Equation 3.7, which we can rewrite as
t = ±V-R2 - 1?/vre. (3.10)
An example using the object depicted in Figure 3-5 is shown in Figure 3-6.
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Figure 3-5: Simulated diffraction pattern of an occultation of Sco X-1 by a sphere of
radius 20 meters at a distance of 40 AU, as observed by RXTE. The diffraction peaks
from this range of photon energies are fewer and smaller than in diffraction patterns
produced by monochromatic light. The only significant features of this pattern are
the Poisson spot, the first diffraction maxima, and the reduced intensity during the
occultation itself. The small features occurring at R ± 170 m, ±210 m, and farther
away are artifacts of the discrete sum over the spectrum of Sco X-1 and should not
be prominent if the spectrum were modelled as a continuum.
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Figure 3-6: Simulated diffraction pattern of an occultation of Sco X-1 as would be
observed by RXTE. The occulting object has a radius of 20 meters, impact parameter
of 10 meters, distance of 40 AU, and relative velocity of 25 meters/second.

Chapter 4
Model PCA Detections
4.1 Binning and Time Offset
The occultation lightcurve model developed in Chapter 3 can be adapted to match
the output of the RXTE PCA by binning the lightcurve. Most of the PCA data for
Sco X-1 are recorded with 0.25 millisecond time resolution in X-ray count rate. While
the flux of Sco X-1 is variable and the observed count rate depends on the number
of PCUs used for the observation, the X-ray count rate for observations relevant to
this analysis is typically around 70,000 counts per second. Binning the counts at
0.25 milliseconds therefore gives 15 to 20 counts per bin, which is sufficient to see the
interesting millisecond-timescale variability. Note that the resulting Poisson noise
is a ; 4 counts per bin. An occultation event of 2 millisecond duration and 50%
decrease in flux could be confused with intrinsic source variability at 0.25 millisecond
resolution due to the low signal-to-noise ratio at this count rate of 20 counts per bin,
but would look highly significant at a resolution of 0.5 or 1.0 milliseconds. Since we
can always rebin the data at lower resolution, in the interest of preserving information
I binned the lightcurve at the highest practical PCA resolution of 0.25 milliseconds.
In addition to using 0.25 millisecond time bins, a random time offset between 0
and one bin width should be added to the simulated data. Since the PCA binning
is independent of the center of any potential occultation events, we expect the event
centers to be evenly distributed with respect to the bin times. The time offset and
binning are easy to implement. As an example, a binned version of the lightcurve in
Figure 3-6 with a random time offset is shown in Figure 4-1.
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Figure 4-1: Simulated diffraction pattern of an occultation of Sco X-1 as would be
observed by RXTE. To simulate the data recorded by the PCA, the count rate is
accumulated in bins of 0.25 milliseconds and a random time offset of is applied. The
occulting object has the same parameters as in Figure 3-6 - a radius of 20 meters,
impact parameter of 10 meters, distance of 40 AU, and relative velocity of 25 meters
per second.
4.2 Detectability
We are interested in which occultation events are sufficiently statistically significant
to be detectable. Several different approaches could solve this problem. A simple
analytical method is to calculate the statistical significance of the dip using different
bin sizes and Poisson statistics with an assumed count rate, and consider those events
for which at least one time bin is, e.g., > 7a below the mean count rate to be
detectable. (The time bins can be of any size; we expect - 2 ms bins to be most
significant for occultations by small bodies.) This works in principle, and although
it does not account for the variability of Sco X-1 and associated selection effects
(for example, occultations centered on the troughs of a 6 Hz QPO are more likely
to be selected), it should correctly give the relative detectability of different events.
Another method, which I use and describe below, is to insert a simulated occultation
lightcurve into a set of data by multiplying the observed count rate by the occultation
lightcurve. I then check whether the event can be detected. While this method does
not yield exactly the correct signal to noise ratio for an event, it is a simple method
which accounts for all selection effects inherent in the actual data. This technique
also allows for direct comparison between simulated events and observed dips.
4.2.1 Size Distribution and Orbital Parameters
In addition to which particular dips are detectable, it is useful to know which dips are
most likely to occur. A distribution of detected simulated events can be compared
with the observed RXTE events to determine whether the observed events could be
caused by occultations. Alternatively, a distribution of observed events which are
known to be caused by occultations could be compared with results expected from
various models to determine the distribution of size and orbital parameters of small
TNOs. To this end I will construct a model population of small TNOs and examine
the properties of the resulting detected simulated occultation events.
Since large TNOs are observed to follow a size distribution N S-4, let us
assume that small objects (down to radius s - 20 m) have a similar size distribution.
The power-law distribution for small objects may well be shallower [16], but the s- 4
distribution will give us an idea of the expected results. I will further assume that
this size distribution is independent of orbital inclination, or is at least valid at for
objects at 6' from the ecliptic where Sco X-1 is located. This simplifies the problem
but is not necessarily accurate since smaller objects are more likely to be scattered,
and thus may be more abundant at higher inclinations. However, the size distribution
should be approximately independent of inclination for a small range of sizes.
To simplify the population model, I will assume that all TNOs are located at a
distance of d = 40 AU. As discussed in Chapter 3, nearly all known TNOs have been
found between 38 and 50 AU from the Sun (and are typically closer to 38 AU), so
assuming a fixed distance of 40 AU should introduce an error of only - 15% or so,
and will give an indication of the results with as little complexity as possible. The
impact parameter b is easy to simulate since we can assume that all relevant impact
parameters are equally likely. This range of impact parameters is between zero and
the value bmax for which the diffraction-elongated dip of the largest objects in question
would no longer be observed. This can be implemented by assigning each object in
a population a random impact parameter 0 < b < bmax. The last parameter, Vrel,
depends on the time of year of the observation (see Equation 3.8). It is therefore
prudent to consider only one relative velocity at a time.
We now have a population of simulated occultation events defined by a size dis-
tribution (with a chosen minimum size), fixed distance, random impact parameters,
and chosen relative velocity. Since the relative velocity depends on time of year, this
model describes a simplified version of expected occultation lightcurves as a func-
tion of time. By determining which events from a model population are detected, a
distribution of expected events can be constructed for different times of the year.
4.2.2 Detected Event Distribution
To determine the expected distribution of detected occultation events, I created three
populations of events with relative velocities of 15, 25, and 35 km/s. Most of the
Sco X-1 data were obtained during observations when vrezl 25 km/s for TNOs,
and the largest possible TNO relative velocity is around 35 km/s (for observations
of Sco X-1 near conjunction). The 15 km/s population should give an idea of the
event distribution for small Vrel. Each of the model lightcurves was inserted into a
lightcurve of Sco X-1 by multiplying the count rate from Sco X-1 by the relative flux
of the lightcurve. Note that the model lightcurves have flux equal to 1 far from the
occultation (as in Figure 4-1). The same algorithm used to detect the 201 RXTE
dip events was applied to these model events, yielding an expected distribution of
observed occultation events for three different values of vre,.
Since the model occultation lightcurves are produced with no noise, the uncer-
tainty during simulated occultation events is not quite correct. Consider a model
lightcurve with flux f[t] inserted into an observation of Sco X-1 with count rate
C[t] and corresponding error a[t], yielding a simulated event with count rate C'[t] =
C[t] - f[t]. Since the background count rate is negligible for observations of Sco X-1,
the error on this simulated event is u'[t] = oa[t] -f[t]. If f[t] is a Poisson process, the
expected Poisson error on the simulated event is o'[t] = oa [t] - vf[t], so the error on
the simulated event would be off by a factor of -f[t]. The observed count rate of
Sco X-1 is not exactly a Poisson process because of QPOs and other variability, but
we can still expect a dip with relative count rate f < 1 to have random fluctuations
which are too small by a factor of order V7f. For f = 0.4 and a count rate of 70,000
counts per second, each 0.25 ms bin would have a' 3 counts as opposed to the
expected oa 4 counts, so the difference is small.
Since we know the orbital parameters for each simulated event, the detected events
from each simulated population give us a range of parameters for which occultation
events can be detected. In particular we are interested in the size distribution of the
objects which cause detectable events, which we now have for three different values
of VreI. The distribution of radius versus impact parameter for detected simulated
events of vrel = 25 km/s is shown in Figure 4-2, with each detected event represented
by a point on the plot. It may seem curious that objects of s - 12 m radius are
detected with impact parameters b - 15 m but not with b = 0. This is because the
Poisson spot is suppressed for b > 0, which actually gives a more significant decrease
in count rate for a certain range of b. This is not necessarily the case for non-spherical
objects, so we must be careful in extending the analysis of this model to actual small
TNOs (which are not expected to be spherical). Now, we can see that no objects with
radius smaller than about s - 10 m were detected, and that objects with s > 15 or
20 m and sufficiently small impact parameter b < s + 15 m or so are detected reliably.
From this we expect that the observed differential size distribution of sufficiently large
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Figure 4-2: Distribution of radii and impact parameters for detected simulated oc-
cultation events with vrez = 25 km/s and d = 40 AU.
objects is of the form
d Nobs dNdNs oc (s + 6b). dN (4.1)
ds ds
where 6b 15 m is the difference between an object's radius and the maximum
impact parameters for which it is detectable. For the differential size distribution
used here, the expected number of observed objects between s and s + As is given by
nobs(S, As) = dNobs As oc (s + Jb) s- 4 As (4.2)ds
for sufficiently large s. Comparing this prediction with the histogram of simulated
detected object radii, as in Figure 4-3, gives another method of quantifying the de-
tectability of occultations as a function of object size. The figure verifies that objects
of radii greater than - 25 to 30 meters are detected somewhat reliably, although
objects with s < 20 m account for more than half of the detected events.
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Figure 4-3: Number of detected simulated occultation events with vret = 25 km/s
and d = 410 AU as a function of object radius. The curved line is a function of the
form of Equation 4.2 with 8b = 15 m.
The distributions for vre, = 35 and 15 km/s are similar to that of Vret = 25
km/s but shifted slightly in radius. The qualitative relationship between ve, and
detectable radii can be understood by considering the significance of a given object
observed at different relative velocities. For slower relative velocities it takes more
time for the object to occult the source, so occultation dips will be longer - since
the diffraction shadow has a fixed physical width - vy,, -At, the dip duration scales
as At -. v-J. If the mean count rate of the source is C, then the total number of
counts in time At during the dip is some fraction f of the C - At counts usually
observed in that time. While the fractional decrease in counts is constant at 1 - f
regardless of Vrel, this decrease is more significant at smaller relative velocities (in
general, at higher C - At, so higher count rate also gives higher significance). To
demonstrate this, assume that the count rate C is a Poisson process such that the
uncertainty in C - At counts is cr VC At. The decrease in count rate during a
dip is then (1-f)c.At = (1 - f)vC • At standard deviations. Since At - v- 1, theCAtrel
dip is more significant at larger At and therefore smaller Vret. This effectively means
that we can detect smaller objects in samples with smaller vrel. Indeed, detections
from populations with smaller relative velocities included objects with smaller radii.
The radius of the smallest object detected in each population was 9.3 m for vrel = 35
km/s, 8.2 m for vrel = 25 km/s, and 7.0 m for vrdet = 15 km/s.
4.3 Ensemble Properties
It is difficult to fit the observed dips in Sco X-1 to individual occultation profiles, so we
cannot determine sizes or impact parameters directly. We should therefore examine
the properties of a model population in terms of quantities which can be measured
from the actual dip events, such as the width and depth parameters described in
Chapter 2. This is easily accomplished using the Gaussian fitting method developed
in Chapter 2. The distribution of width and depth parameters for the 15 km/s model
population is shown in Figure 4-4. The population of shorter (w - 0.7 ms) events
is explained in the caption; these events are actually more significant at longer time
scales. Notice that there is a relatively sharp cutoff at small width, presumably
associated with the more diffuse cutoff at small radius in Figure 4-2. Both of these
cutoffs are functions of the relative velocity, since smaller objects are more detectable
at smaller vrelt.
4.3.1 Upper Limit on TNO Detections?
We may be able to use the sharp cutoff in the width and depth distribution to
determine whether an observed dip event may be caused by a TNO occultation. Of
course, the model used here is a gross simplification of the outer solar system - all
objects are spherical and at the same fixed distance. It is probable that a model
which includes non-spherical objects would yield a less distinct boundary in width-
depth space, although since diffraction patterns from non-spherical bodies are roughly
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Figure 4-4: Distribution of width and depth parameters for all detected simulated
events in the vrel = 15 km/s model population. The cluster of events with width
- 0.7 ms are actually wider events where the Gaussian fit function has converged
on only one half of the dip, much like the population of extremely short events in
Figure 2-4.
the same shape as those from spheres, it is possible that the boundary will not be
very different. However, more complicated simulations are needed to establish the
effect of non-spherical bodies on this cutoff. If we suppose that the width and depth
distribution is not drastically affected by including non-spherical TNOs, then the
simulations described here give an allowed region of width and depth parameters for
an occultation with some vret. For a given dip, we can determine the value of vrel
from Equation 3.8 from the time of year, orbit of RXTE, and a reasonable TNO
orbital radius. If the width and depth parameters for an observed dip are outside of
the allowed region for possible values of vrel, then that dip is probably not caused by
an occulting TNO.
Recall that in Chapter 2 we found that only 13 dip events had "other" count rates
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below the mean. Let us now compare the width and depth of those 13 events to the
distribution resulting from the highest possible velocity for an occulting TNO, around
vrel = 35 km/s. This relative velocity will yield the shortest observable dips; since
the actual dips observed in Sco X-1 are of notably short duration, this should provide
a useful comparison. Examination of Figure 4-5 reveals that 5 of these 13 events are
outside of the allowed region - the dips are too deep and narrow to be caused by
occultations by spherical bodies, even at a relative velocity of 35 km/s. This suggests
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Figure 4-5: Distribution of width and depth parameters for all detected events in
the vrel = 35 km/s model population. The 13 actual dip events with "other" counts
below the mean value are also plotted as X's.
that only 8 dips with "other" count rates below the mean are wide enough to be
TNO occultation shadows, so a mean-centered "other" count rate distribution could
contain at most - 16 dips which are wide enough to be caused by occultations. If
the cutoff region found in this model is indicative of the width and depth distribution
resulting from actual occulting TNOs, we can therefore improve the upper limit given
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in Chapter 2 to a maximum of - 16 of the 201 dip events being caused by TNOs. In
any case, it is clear from comparing the width and depth parameter distribution of
the 201 detected dips (Figure 2-4) with the distributions from model populations that
many of the detected dips are too deep and narrow to be caused by TNO occultations.
4.3.2 Average Event Lightcurve
Another useful application of quantifying the width of a dip event is that we can
rescale the width of multiple dips in order to produce an average event lightcurve.
In Chapter 2, many events of approximately the same width were superposed (see
Figure 2-5). In the case where only a few events are available, it would be convenient
to be able to superpose dips of different widths to produce an average profile. The
application of such a method is to search for diffraction effects - observation of diffrac-
tion peaks in an average profile would provide evidence that some of the averaged
dips are caused by occultation events.
To rescale the width of a dip, let us begin by assuming that the width parameter
is directly proportional to the duration of a dip - later we can check that this is true.
The choice of scale width is arbitrary, so we may choose a convenient value. In this
analysis I will rescale all dips such that the best-fit Gaussian has a FWHM of 2 ms,
giving w = 0.85 for the width parameter. (Recall that the width parameter is given
by the Gaussian oa, equal to - 0.43 of the FWHM.) This is typical for simulated
events of vrel = 35 km/s and somewhat longer than the observed events. To rescale a
dip of width w to w = 0.85, simply multiply the time axis by -. Of course, the time
bins now have different sizes. Since one cannot add bins of different size, we must
now interpolate to obtain values at regular time intervals (preferably comparable to
the rescaled bin sizes). While this more or less preserves the width of the dip, it has
the effect of correlating the background noise such that one must be especially careful
when applying statistical arguments. I interpolate to the original bin size of 0.25 ms,
preserving the "count rate" of Sco X-1, with the center of the best-fit Gaussian to the
dip at time=0. For example, a dip with width w ; 0.7 and bin size 0.25 ms will have
a bin size of - 0.30 ms after rescaling; after interpolation the bin size will be 0.25
mns, but adjacent bins will be correlated. After applying this method to a population
of dips, the entire population can be coadded to produce an average dip lightcurve.
This should preserve features common to the original dips, such as diffraction peaks
and a Poisson spot in the model occultation populations.
The average lightcurves of the 15 km/s and 35 km/s model populations, created
using the process described above, are plotted in Figure 4-6. Note that for both
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Figure 4-6: Average dip profiles of the 15 km/s (solid line) and 35 km/s (dashed line)
model populations, normalized such that the flux equals 1 far from the dip.
lightcurves the diffraction peaks are preserved with an intensity of -, 8 percent above
the background flux, and an average Poisson spot is also apparent. The intensity of the
summed diffraction peaks is only slightly less than that of a single event (see Figure 4-
1), showing that this stretching technique actually rescales all events to nearly the
same width. Since the diffraction peaks occur at the same place for both lightcurves,
events of different relative velocity can be coadded using this technique. This also
proves that the width parameter is, for this purpose, directly proportional to the event
duration. We may also note that the average lightcurve is deeper for 35 km/s events
than for those at 15 km/s, as expected since detectable events at smaller velocities
tend to be caused by smaller objects which produce shallow occultation lightcurves. I
should also note that while these lightcurves are an average of theoretical models with
no noise, the average lightcurves of model events inserted into the data (which contain
the inherent noise and variability of Sco X-1) agree very well with the lightcurves
presented here. The theoretical lightcurves, with no uncertainty, are used because
they give a slightly better illustration of the relevant features.
The average lightcurve of the 196 dip events observed in Sco X-1 for which 2LLD
data are available is shown in Figure 4-7. The result is very similar to the superpo-
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Figure 4-7: Average dip profile of the 196 detected dip events with 2LLD data avail-
able at millisecond resolution, normalized such that the mean count rate at more than
5 ms from the dip is equal to 1 (dashed line). The standard deviation computed for
these bins is 0.016 (1.6% of the count rate).
sition with no stretching or interpolation (Figure 2-5), further confirming that the
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interpolation technique is valid. We immediately see that there is a significant asym-
metry in the dip, and little evidence of diffraction peaks - there is a - 3% peak on
the left side of the dip and nothing on the right. We can estimate the uncertainty in
this plot by computing the standard deviation of bins which are more than 5 ms from
the dip, giving a standard deviation of a = 0.016 or 1.6% far from the dip. Since
we expect peaks of -, 8% increase in count rate from the models, we can conclude
at a - la confidence level that at least 80% or so of these dips are not caused by
occultation events. From this lightcurve we may conclude that dip events which are
caused by (or at least correlated with) particle showers in the detectors differ from
dips caused by occultations in two ways: there are no diffraction peaks, and the dips
are asymmetric with deeper ingress than egress. By "deeper ingress than egress" I
mean that the first half of the dip has a lower count rate than the second half.
Having established that dips which are correlated with particle showers are also
asymmetric with deeper ingress than egress, we can refine the upper limit on the
number of possible occultation events observed. Since occultation events are expected
to be symmetric on average, about half of the observed occultation events should have
deeper egress than ingress. Recall that the upper limit of - 26 events from Chapter
2 was established by observing that only 13 dip events had "other" count deviations
below the mean value; the lightcurves for these 13 events are shown in Appendix A.
Visual inspection shows that 12 of these dips have deeper ingress than egress, and
one dip (Event 12) has equally deep ingress and egress. As there is only one dip
with egress as deep or deeper than ingress, we can assert with some - 2a confidence
from Poisson statistics that no more than - 3 of these 13 events can be caused by
occultations. As these 13 events represent half of the total possible occultation events
from "other" count deviations, we can conclude that at most ,- 6 events can be part
of a population where the "other" count deviation distribution is mean-centered and
the average lightcurve is symmetric. Therefore, at most - 6 of the 201 detected dip
events could possibly be caused by TNO occultations. Furthermore, as none of the
13 lightcurves in Appendix A have deeper egress than ingress, it is very likely that
none of the events are caused by occultations.
4.4 Measuring the TNO Size Distribution
The ultimate goal of observing small TNO occultations is to measure the size dis-
tribution and abundance of these objects, as these yield valuable information about
the solar system. A large number of objects is needed to accurately determine a
size distribution, so one would need many more occultation events than the upper
limit of -, 6 described in this thesis. While it is unlikely that the requisite number
of occultation events will be observed in the next few years, the ability to determine
a size distribution from a set of occultation events may one day be useful. In the
near future, the PCA on RXTE may be able to observe dip events with millisecond
time resolution of "other" count rates, such that particle events could be easily dis-
tinguished from possible occultations. The TAOS project expects to record stellar
occultations by - 3 km diameter TNOs [1]; the analysis methods used here are also
applicable to TAOS observations and any other occultation lightcurves with a Fresnel
scale A s. However, neither of these projects is likely to detect enough occul-
tation events for this sort of measurement to be feasible. The events reported by
Roques et al (2006) [26] have > s such that only the diffraction fringes may be
observed. Since a deep dip is not observed in these cases, width and depth parame-
ters are not useful and this analysis does not apply. The methods in this section are
therefore not expected to be useful in the near future, so readers interested only in
current progress may wish to skip to the next section.
There are two general cases which interest us. For the case where many occultation
events are observed at different times of the year (different vrei), we can construct a
size distribution of objects from the event rate as a function of the time of year. For
the case where many events are observed at the same time of year, we can determine
the size distribution of objects from the width distribution. In both cases the same
fundamental assumptions will be used in conjunction with ideas developed earlier in
this thesis.
4.4.1 Event Width Distribution
In principle, we can determine the power-law size distribution of occulting TNOs from
the width distribution of a large number of observed occultations with the same value
of Vre,. To accomplish this, first note that the duration of an occultation is roughly
given by the amount of time during which the center of the object is within s+6b of the
source (i.e., R < s+6 b). This time is given by Equation 3.7 as At oc /(s + 6b) 2 - b2.
A plot of the width parameter w versus /(s + 6b) 2 - b2 for simulated data gives a
very good linear relationship for sufficiently large w, showing that
w oc /(s + 6b)2 - b2  (4.3)
for occultation events of sufficient duration. For Vre, = 25 km/s, this relationship
works well for w > 1.0 ms or so. Taking the derivative of this expression gives
dw s + b(4.4)oc • , (4.4)
ds w
which we can use to determine the observed width parameter distribution. The ob-
served differential width parameter distribution should take the formdN dN 0 1 da,dw "•ds d-wdN~b8  dN cxdN( ~ W
giving dNod - dN w- w -' d - dsince dNOs oc (s + b). We therefore have angiigdw ds s+bb W dsL ds ds'
expression for the form of the observed differential width distribution valid for suffi-
ciently large w,
-idN obs, dN (45)w - -(4.5)dw ds
For a power-law size distribution Noc s-, we therefore have " oc w-a for
sufficiently large w. Therefore, measuring the distribution of observed widths should
give the functional form (in particular, a power-law index) of the differential size
distribution. Note that Equation 4.5 holds for any size distribution, not just a power
law.
We can fit a power law to the differential size distribution of the model populations
in order to check the relationship of Equation 4.5. The size distribution used for
each model is d oc s 4 , so we expect the width distribution to be dN oc w - 3 for
sufficiently large w. However, the values obtained from a power law fit are closer to
dN W-4Tesoreo.ti sth hc
c w-. The source of this discrepancy is unclear; perhaps the reasoning which
leads to Equation 4.5 is incorrect. In any case, further investigation is needed before
this theory could be used to determine an object size distribution.
4.4.2 Event Rate
We have already seen that occultations by smaller objects are more significant (more
detectable) for smaller vre. By quantifying this we can determine an expected observ-
able occultation rate as a function of v,,e, which is directly related to the time of year
by Equation 3.8. This rate will depend on the size distribution of TNOs, such that
observing the change in occultation rate gives a measurement of size distribution.
Let us begin with a power-law differential size distribution as a function of radius
8,
dNd c s - i. (4.6)ds
Now let us consider two important effects of velocity on the occultation rate. Slower
velocities allow smaller objects to be observable, thus increasing the occultation rate.
But a smaller amount of sky is traversed at slower velocities, thus decreasing the
occultation rate. Let us define the occultation rate P as the number of detectable
occultations per unit time by objects of radius s > smin, where smin is defined such
that occultations with s > smin and impact parameter b < s + 5b are detected reliably.
This means that a function of the form of Equation 4.2 will fit well for s > smin but
not for s < smin. For example, the curve in Figure 4-3 shows that smin r 25 m for
vre = 25 km/s. Note that P is not equivalent to the number of detected occultations
per unit time - this definition of P is used because it is a more convenient (i.e.,
analytically well-defined) quantity than the rate of all detected occultations. The rate
P is proportional to the area of sky traversed by TNOs, which is directly proportional
to the relative velocity - the effective area of sky per unit time traversed by a TNO of
size s > smin is dA 2(s + Ab) . v,•e oc vre. (By "effective area" I mean the region A
such that if Sco X-1 were located within A, the occultation would be detected.) The
occultation rate is then proportional to the total number of objects with s > 8 min and
b < s + 6b encountered per unit time, or equivalently the total effective area traversed
by all TNOs of s > smin per unit time:
100 p+Sb dN00 d
P oc vI Vre dbds = Vrel d(s + 6b) ds (4.7)
ISmt Js dbd J = isfl dsissmin J b=0 min
0 " dAdN ds
oc ds
Ismin dt ds
where 6b 15 m is approximately constant for our purposes. Integrating Equation 4.7
for our differential size distribution (Equation 4.6) gives
(s2-ai Stain(4.8
P(vrel) oc vre + 2 m ) . (4.8)a-2 a-1
Notice that we must have a > 2 or the sky near the plane of the ecliptic would be
completely covered by TNOs. For each value of vrez we can determine the correspond-
ing values of Smin and 6b from simulations, leaving P(vrei) with only two unknown
parameters: a and a proportionality constant. As long as P is measured for at least
two values of vrel, we can measure the power law index a and the proportionality
constant which determines the abundance of objects.
The event rate P(vrei) used here is actually somewhat difficult to determine as
it is not simply the number of events divided by the total observed time; rather
it is the number of events caused by objects which are large enough to be reliably
detectable (s > Smin). This is equivalent to the number of events wider than some
value Wmin, which depends on vre,. The value of Wmin can be determined using model
populations as the smallest width for which Equation 4.4 fits well, or alternatively as
the width of an occultation by an object of radius smin with impact parameter b = 0
(although for consistency, the same method should be used for all determinations of
Wmin). For example, this gives Wmin 1.0 ms for the 25 km/s model population. This
constitutes about one third of the detected events. The number of relevant events
for the two other populations is also approximately one third of the total detections,
suggesting that using the total number of observed events may actually give a nearly
Vrel Smin P(a = 4.5) P(a = 4.0) P(a = 3.5) P(ao = 3.0)
15 km/s 20 + 3 m 1.00 ± .14 1.00 ± .12 1.00 ± .09 1.00 ± .06
25 km/s 25 ± 3 m 0.89 ± .10 1.00 .09 1.12 ± .08 1.26 ± .06
35 km/s 28 ± 3 m 0.91 ± .09 1.08 + .09 1.28 ± .08 1.54 ± .07
Table 4.1: Occultation rates as a function of relative velocity for various power-law
size distributions. The rates for each different distribution are normalized to P = 1
at vre, = 15 km/s.
correct answer (especially given the uncertainties involved - the fractions of relevant
events in each population differ by only - 10%), but this has not been demonstrated
analytically.
We can apply the technique described here using the three sample populations.
The value of smin, defined somewhat loosely as the object radius above which Equa-
tion 4.2 fits well, is approximately 20 m for vreL = 15 km/s, 25 m for vrez = 25 km/s,
and 28 m for vrel = 35 km/s, with an estimated uncertainty a(smin) e 3 m. Using
6b = 15 m for all three populations, relative occultation rates (with uncertainty prop-
agated from U(Smin) using Equation 4.8) for various power-law size distributions are
shown in Table 4.1. These points are also plotted in Figure 4-8 with error bars of
a/2.
We can now examine the feasibility of determining the power-law index a of
the object size distribution. In order to achieve an uncertainty of a(a) = 0.5, one
could measure the occultation rate at 15 km/s and 35 km/s relative velocities with
S10% precision. Supposing that Wmin is determined without introducing a significant
systematic uncertainty (perhaps by determining wmin a priori from simulations), we
can determine the limiting uncertainty from the fact that the number of observed
occultations is a Poisson process. The precision is then given by (N) - 1whereN -
N is the number of events used to determine the rate. For 10% precision we require
N 100, so there must be about 300 or more occultations observed at both relative
velocities. As at most - 6 events have been detected in 500 ks of Sco X-1 observations,
it is highly unlikely that enough data will be collected to achieve this precision using
RXTE.
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Figure 4-8: Occultation rates as a function of relative velocity for various power-law
size distributions, normalized to P = 1 at vret = 15 km/s. The power-law index of
each distribution is shown next to the rate for that distribution at Vrez = 35 km/s.
The error bars are estimated one-half standard deviation, since la error bars overlap
on points at vrel = 25 km/s.
Optimal Observing Times
While new methods of observing occultations will be required in order to measure
the power-law size distribution from the event rate, we can use the event rate model
to determine the times at which we expect to see the highest occultation rate for a
given size distribution. If the a 4 power law holds for the TNOs in question, it
appears that all times of the year for which vret > 15 km/s or so give approximately
the same event rates. If a 3.5 (as suggested by Kenyon and Bromley (2004) [16]),
one could expect to observe more objects when vrel is larger, i.e. when the source is
near conjunction or opposition.
S3.0
3.5
S4.0
i4.5
I I
Chapter 5
Upper Limit and Implications
5.1 Upper Limit on TNO Occultations
The number of possible observed occultation events can be constrained by various
methods discussed in this thesis. These methods are summarized in Table 5.1. The
most significant constraint comes from the "other" events: from the average "other"
event count rate alone, it is clear that many of the 201 detected dips are correlated
with particle showers in the instrument and are therefore not caused by TNO occul-
tations. Due to the poor time resolution of "other" event counts (125 ms), we cannot
use the "other" count rate to determine whether each individual event is caused by a
particle shower. While the distribution of "other" count deviations is consistent with
all events being caused by particle showers (since there is no clear subset of events
with zero-centered deviation), we cannot conclude that none of the events are caused
Constraint Upper limit
width and depth parameters 100
diffraction peaks 40
"other" count deviation 26
"other" count deviation and width and depth parameters 16
"other" count deviation and lightcurve asymmetry 6
Table 5.1: Upper limit on the number of possible occultation events out of the 201 dips
detected in - 500 ks of observations of Sco X-1 with the PCA. The upper limit given
here is the approximate maximum allowed number of occultation events considering
the given constraints.
by TNO occultations. However, we can establish an upper limit on the number of
detected TNO occultations by noting that an ensemble of occultation dips should
have zero-centered "other" count deviations (i.e., be independent of particle showers)
and should be symmetric on average. Therefore we expect half of the occultation
dips to have negative "other" count deviations, and half of these to be asymmetric
with deeper egress than ingress. In contrast, dips caused by particle showers are
observed to have, on average, positive "other" count deviations and shallower egress
than ingress. Of the 13 dip events with negative "other" count deviations (shown in
Appendix A), none have deeper egress than ingress and one has equally deep egress
and ingress. From this we expect at a - 2r confidence level that between 0 and 3
of these 13 events are part of a population which is symmetric on average. As these
13 events represent half of the possible TNO occultations, we can conclude that no
more than - 6 of the 201 detected dip events could possibly be caused by TNO oc-
cultations. This observation is also consistent with none of the events being caused
by TNO occultations.
We can use this upper limit of detected TNO occultations to establish an upper
limit on the abundance of small TNOs. As most of the data used here were obtained
during observations when vre, 25 km/s for TNOs, we can use the model population
with vre, = 25 km/s to estimate the total effective area traversed by TNOs. The
average detected object radius of this population is 3 = 29 m, so the average area
traversed per unit time is approximately dA 2(3 + bb)vret, where 6b 15 m. The
total effective area in which TNOs will be detected is then given by the average
effective area traversed per TNO,
A = At 2(3 + 6b)vreZAt 1012m 2  (5.1)
dt
for At = 500 ks. The area A is simply the apparent distance traversed by Sco X-1
(projected onto a sphere at distance 40 AU) times twice the average impact parameter
below which TNO occultations are detectable. The average impact parameter is
doubled because a TNO can pass above or below Sco X-1, such that the range through
which the center of an object can pass and be detected is roughly 2 - (s + 6b). The
number of detectable TNOs in this region of sky is equal to the number of detected
occultation events, which is < 6. The detectable TNOs are those with radii s >
Smin 15 to 20 m (the definition of smin for this purpose is somewhat ambiguous;
it is roughly the radius at which half of the candidate objects are detected), so the
total number of TNOs with radius s > smin is equal to
N(s> Smin)- N0b 5< 6 = 6 x 10-12 TNOs/m 2  (5.2)A P0 1012 m2
at a distance of 40 AU, or ~, 5 x 1010 TNOs of size s > smin per square degree.
The upper limit on number of detected occultation events therefore gives an upper
limit on the cumulative size distribution of N(s > 20m) < 5 x 1010 TNOs per square
degree.
5.2 Expected Number of Occultations
We can estimate the expected number of occultations detected in 500 ks of data by
extrapolating the size distribution of larger TNOs. Figure 5-1 gives a summary of
surveys of TNOs smaller than 1000 km. The smallest previously detected TNOs are
from the Hubble ACS survey reported by Bernstein et al (2004) [3], which found 3
TNOs of radius s > 10 km in 0.019 square degrees of sky. For a differential size
distribution OC s- 4 , the cumulative size distribution is then
3 S )-3 rN(s > Smin) = (5.3)0.019 deg 2 10 km
which gives - 1010 TNOs of size s > 20 m per square degree. For the effective area
of - 10- 1' square degrees (_ 1012 square meters at a distance of 40 AU) surveyed
in the 500 ks of Sco X-1 observations, we would therefore expect to observe about
one occultation by an object of size s > 20 m. Note that the uncertainties here are
very large: the random error alone on an observation of only 3 objects is more than
50%, the observation of only 3 objects at s - 10 km was lower than the expected
number (from extrapolation of ground-based measurements) by a factor of - 25, and
we are now extrapolating by nearly three orders of magnitude in size. Extrapolation
gives only a very rough idea of the expected results. If we extrapolate the same size
distribution from ground-based observations of larger objects, we would expect to
see approximately 30 occultations in the Sco X-1 observations. Since we detect < 6
occultations, this suggests that the power-law size distribution may turn over to a
shallower power law index (for example, OC s-3 5 ) around some size s > 20 m. In
any case, detection of no more than 6 occultation events in 500 ks of data is perfectly
reasonable given these previous results.
5.3 Implications for Future Work
Since no more than 6 occultation events were detected in some 500 ks of data, it is
unlikely that future observations with the PCA will yield a substantial number of
detections. However, an actual measurement (rather than an upper limit) would still
be useful for constraining the size distribution of objects between - 20 and 104 m
in radius. Ed Morgan is currently writing a new data mode which will provide VLE
and "other" event rates at millisecond resolution, which will allow us to distinguish
dips caused by particle showers from potential occultation events such that an actual
measurement of the occultation rate can be obtained. This data mode will be available
for the upcoming RXTE Cycle 12. 840 ks of observing time has been allotted to Sco
X-1 in Cycle 12 with the intent to search for occultation events, so we expect between
zero and 10 occultation events to be detected. This will possibly give a measurement
of the cumulative TNO size distribution for s 20 m, or if no events are detected it
will improve the current upper limit (6 events in 500 ks) by a factor of - 5. Either way,
this is a useful result and is likely to give the only measurement or upper limit of the
abundance of s - 20 m TNOs until the New Horizons spacecraft reaches Pluto in 2015.
Since the abundance of s - 30 km TNOs appears to be much smaller than expected
from extrapolated size distributions, and given the apparent deficit of kilometer-size
TNOs reported from TAOS observations [7], I expect that no occultation events will
be observed during the 840 ks of upcoming Sco X-1 observations. It is possible that
occultations will be detected, but unlikely given the current TAOS results.
At least several hundred occultation events are needed in order to determine a
differential size distribution for s -- 20 m TNOs. Even at the current upper limit of
6 detectable occultations per 500 ks, we would need to monitor Sco X-1 continuously
for about two years with the PCA in order to detect enough events. To detect the
required number of occultations within the space of a year, we would have to monitor
multiple sources continuously using multiple detectors. However, in order to achieve
a count rate of ~- 70 counts per millisecond (the count rate of Sco X-1 when observed
by the PCA) in the next brightest cosmic X-ray source near the ecliptic (GX 5-1), we
would require a detector with an effective area of 12 square meters. The effective area
required for this count rate in the next brightest X-ray sources near the ecliptic would
be 20 to 25 square meters for GX 9+1 and GX 3+1, and the required detector size
is comparable to the size of the smallest detectable objects for fainter X-ray sources!
As one would require at least several months of continuous observation with multiple
large detectors, or at least two years of continuous observation of Sco X-1 with the
PCA, to detect enough occultations to establish a differential size distribution for
s - 20 m TNOs, this result will not be obtained in the near future. However, with
the upcoming 840 ks of alloted observing time on Sco X-1, we should be able to
measure the abundance of these objects or improve the upper limit by a factor of
~% 5.
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Figure 5-1: Summary of previous detections of small TNOs with the upper limit de-
termined from RXTE PCA observations. This is a cumulative distribution; points
are the total number of objects larger than the limiting diameter detected per square
degree. The cumulative power law is by definition a monotonically decreasing func-
tion of diameter. The HST and ground-based measurements are given in Table 2
of Bernstein et al (2004) [3], with error bars equal to the standard deviation from
Poisson statistics. The measurement reported in Roques et al (2006) [26] has been
shown as an upper limit; note that it is inconsistent with the result from RXTE. The
dashed line represents a differential size distribution of N oc s-3 5 extrapolated from
ground-based observations and the solid line is an extrapolation of N C s-4 from
the Hubble ACS measurement.
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Appendix A
Lightcurves of 13 Possible
Occultation Events
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